Chapter V. Distributions in Product Spaces

Summary

We were not able to define the product of arbitrary distributions in
Chapter III. However, as we shall now see this can always be done
when they depend on different sets of variables. Thus to arbitrary
distributions u;€%'(X)), X, open in R™ (j=1,2), we define in Section
5.1 a product u, @ u,e%’ (X x X)) in X; x X,cR™*™. In case u; are
functions this is the function X, x X s(xl, 2) =i (o dttsles).

On the other hand, a functlon KeC(X, xX,) can be viewed as the
kernel of an integral operator .7,

(A w)(xy) =] K(x, x,)u(x;)dx,,

mapping Cy(X,) to C(X,) say. It is not easy to characterize the
operators having such a kernel. However, the analogue in the theory
of distributions is very satisfactory. It is called the Schwartz kernel
theorem and states that the distributions Ke%'(X, x X ,) can be iden-
tified with the continuous linear maps # from CT(X,) to 9'(X,)
which they define. This will be proved in Section 5.2. We shall return to
this topic in Section 8.2, A rather precise classification of singularities
will then allow us to discuss the regularity of 2 u and its definition
when u is not smooth.

5.1. Tensor Products
If X; is an open set in R™, j=1,2, and if u. ;€ C(X)), then the function
U ®u2 in X, x X,cRR™*" defined by

(y @ uy)(xq, X5) =1, (x,)u,(x,), x;eX;,

is called the direct (or tensor) product of u, and u,. To extend the
definition to distributions we observe that u, ® u,eC(X, x X,) and
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that
.H(T/H ®uy) (P ®¢z)dx1dx2:j u;pdx, j uzd’zdxza quecgo(Xj)'

Theorem5.1.1. If u;e?'(X)), j=1,2, then there is a unique distribution
ue @' (X, x X ,) such that

(5.1.1) u(d, @ ¢y)=u,(¢)us(d,), ¢jEC80(Xj)-

We have

(5.1.2) u(@)=u; [uy(Px;, x))]=uy[uy (d(xy, x5))],
PpeCqT(X; xX,),

where u; acts on the following function as a function of x; only. If
u.eé’, 1—1 2, the same formula is valid for ¢peC™. The dzstrzbutwn uis
called the tensor product and one writes u=u, @u,.

Proof. a) Uniqueness. We must show that if ue2'(X, x X,) and if

u(g, ®@p,)=0 for ¢,eCF(X)),
then u=0. To do so we take ¥, C¥(R™) with /;=0, [;dx;=1, and
x;| =1 if x;esupp ;. With

W(xy,x,)=6" """, (x, fe) 5 (x,/e)

we know that usx¥,—u in 2'(Y) if YEX, xX, (Theorem 4.1.4).
However, ux¥,=0 in Y for small ¢ since ¥, (x;—y;, X,—y,) is the
product of a function of y, and one of y,. Hence u=0 in Y and

therefore in X.
b) Existence of u and (5.1.2). Let K, be a compact subset of X;.

Then
I”j(qﬁ'mécjj Z Sup|aa¢j|: quecgo(Kj)-

| Sk
If peCF(K, xK,) then

I¢(x1)=u2(¢(x1a )
is in C¥(K,) by Theorem 2.1.3, and

aillda(xl):“z(ailqb(xh-))-
Hence
Suplaiqus(xl)(éCz Z suplailﬁﬁqu(xl,xz)l

[B] Sk

so u,(I,) is defined and

u, (UN=CL Cy ), supldyi 0% é(x,, x,)l.

il Sk
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Writing u(¢)=u,(I,) we obtain a distribution satisfying (5.1.1) and the
first part of (5.1.2). In the same way we obtain a distribution satisfying
(5.1.1) and with the second property in (5.1.2). By the uniqueness both
conditions (5.1.2) must therefore be valid. The remaining statement
follows in the same way; note that

(5:1.3) supp u; U, =supp u; X Supp u,.

Example 5.1.2. If 6, is the Dirac measure at a;€X;, then J, ®9,, is
the Dirac measure 0, at a=(a,,a,)eX, x X,. Theorem 2.3.5 can now
be stated as follows: If ue@'(X, x X,) is of order k and if suppuc
X, x{a,}, a,eX,, then
u= Yy u,®3s,,
o] Sk

where u,e2"*~1*l(X ) and « is a multi-index corresponding to the X,
variables.

The direct product allows us to justify the definition (1.3.1)" of the
convolution in general. In fact, if u;,u,e%2'(R") and either one has
compact support, then
(2.1.4) (4 @u) (P, +x,))=(u; xu,)(P), PpeCFR),
for if ¢(x)=¢(—x) we have

1y (P(x +x,)) =(uy % @) (—x,)
so the left-hand side is u, * (u, * §)(0) = (u, * u,) * $(0). (5.1.4) could also

have been taken as definition of convolution. However, it was con-
venient to have convolution available in the proof of Theorem 5.1.1.

5.2. The Kernel Theorem

Every function KeC(X, x X,) defines an integral operator - from
Co(X,) to C(X,) by the formula
(%¢)(x1):jK(xlaxz)ﬁb(xz)dxz: peCo(X,), x,€X;.

We shall now show that the definition can be extended to arbitrary
distributions K if ¢ is restricted to C¥ and # ¢ is allowed to be a
distribution. To do so we start from the observation that when
KeC(X,xX,)

(521) AP Y>=KWY®¢); YeCF(X,), peCF(X,).

Theorem 5.2.1 (The Schwartz kernel theorem). Every Ke2'(X, x X,)
defines according to (5.2.1) a linear map A from CP(X,) to 2'(X,)
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which is continuous in the sense that A ¢;—0 in 2'(X,) if ¢;—0 in
CY(X,). Conversely, to every such linear map A" there is one and only
one distribution K such that (5.2.1) is valid. One calls K the kernel of

i

Proof. If KeZ'(X, x X,) then (5.2.1) defines a distribution ¢ ¢ since
Y — K(y ® ¢) is continuous; 4 is continuous since ¢ —» K ® ¢) is
continuous. To prove the converse we first note that the uniqueness is
identical to the uniqueness in Theorem 5.1.1. To prove the existence
we observe that for any compact sets K; < X there are constants C, N,
such that

(52.2) KA Y=C 3, supla*y| 3, sup|ddl;

la| =Ny [Bl=N2
YeC(K,), ¢eCF(K,).
In fact, by hypothesis the bilinear form
CT(Ky) x CR (K)o, ) = A D, 4>

is continuous with respect to ¢ (resp.y) for fixed ¥ (resp. ¢), and
every separately continuous bilinear form in a product of Fréchet

spaces is continuous, B
Let Y,€X;, choose the compact sets K; as neighborhoods of Y;

and set for (x,x,)eY; x Y, and small ¢>0
(52.3) K, (1, %,) =77 (A W5 (0, — )e), try ((x— ) e))

where i; are chosen as in the proof of Theorem 5.1.1. Note that if we
already knew that there is a distribution K satisfying (5.2.1) then K,
would be K* ¥, and therefore converge to K as ¢ — 0. Our program is
now to show that K, does have a limit in %'(Y, x Y,) when ¢ — 0 and
then to show that (5.2.1) is fulfilled for the limit.

(5.2.3) 1s well defined when ¢ is smaller than the distance from Y,
to [ K;, and by (5.2.2) we have with uy=N, +N,+n, +n,

(5.2.4) |[K ey | S Ce®  if %Y, j=1,2

We shall prove that K, has a limit in 2’#**'(Y, x Y,) as ¢ — 0 by using
an argument which is very close to the proof of Theorem 3.1.11. Note

that if Yye C*(IR") then
0 0
(525) V=T s,/ Y= —x Y (x)

J
In fact, by the homogeneity

35% (e~ " (x/e)) +Z X; 5%; _\(\f‘"l}b(x/{ﬂ)) = —ne " (x/e)
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which implies (5.2.5). Now it follows from the continuity (5.2.2) that
we may differentiate with respect to ¢ or x; in (5.2.3), and by (5.2.5)

this gives
8Ka(xls xz)/agzz aLva(xla xZ)/axv

where x, runs over all coordinates of (x,,x,). Here L, is defined by
replacing ¥, or ¥, by the product with —x,, so (5.2.4) is valid for L,.
Repeating this process we conclude that

KE:D (x1,X,)= i K, (x4, xz)/agj

is a sum of derivatives of order j of functions having a bound of the
form (5.2.4), so &KY is bounded in 2'/(Y, x Y,) for every j. With a
fixed small ¢ and ¢ — 0 we now use Taylor’s formula

K;%j (e— YKV /jl +(e—d)+? (jj K¢no) 5 (1—1F/uldt.
inee (106 +te— ) <5
it follows for @eCh* (Y, x Y,) that when ¢ — 0
(K., @) = (Ko, P>
=§(“5)j<K§”/ﬂ, @) +(—oy ! (Ij CKY 2 XL -t /utdt,
where K,e 2"+ (Y, x Y,).
Let ¢;eCg(Y) and form
Ko 1 ® 6,0 =[] K,(x1, %,)¢, (x,) b5 (x,)dx, dx,.
With the notation Jj,s(xj)zs‘”wj(—xj/a) we have
[T K (1, %) 1 (x,) ¢, (x5) dx, dx,
= ([ AV e =X ba (52 Wyl =), (x,)) dx, dxy.

Replacing the integral by a Riemann sum first we conclude as in the
proof of Lemma 4.1.3 that the integration can performed “under the
sign”, hence

(K by @b, =LA (o2, ), b5 0.

Since qu*l;j18—>¢j in C¥(Y)) when &¢—0, it follows from (5.2.2) that
the right-hand side converges to {.# ¢,, ¢,> when ¢ — 0. Thus

<K03¢1®¢2>xf<f¢2:¢1> if ¢;eCy(Y)),

and since Y; are arbitrary relatively compact subsets of X ;> this com-
pletes the proof.
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Example 5.2.2. The kernel of the identity map 4 : C3(X)— CF(X),
where X is an open set in IR", is the distribution

(K,®)=[P(x,x)dx, PeCF(X xX),
with support in the diagonal {(x, x), xe X}.

Theorem 5.2.3. The kernel of a continuous map A : CY(X)— @'(X) is
supported by the diagonal if and only if

(5.2.6) A=Y a, 0"
where a,€9'(X) and the sum is locally finite.

Proof. For the operator (5.2.6) we have

CH P> =3, {a, (D))
so the kernel is given by
(K, 8y=},€a,, B (X, )lx_y>

which is obviously supported by the diagonal. Conversely, if the
kernel K of 2 is supported by the diagonal, it follows from Theorem
2.3.5 that K has the preceding form, which proves the theorem.

The preceding operators preserve supports; more generally, we
have

Theorem 5.2.4. If Ke2'(X, x X,) and A is the corresponding operator,
then

(5:2.7) supp A ucsupp Kesuppu, ucCy(X,).

Here suppKc<X, xX, 1s considered as a relation acting on
supp u=X,. Thus

suppKoM={x,eX,; Ix,eM,(x,, x,)esupp K}.
This is a closed set when M is compact, for supp K is closed.

Proof. Assume that x, ¢supp K osuppu. Then there is a neighborhood
V of x, such that ¥V (supp K osuppu)=@. If ve C3(V) then

(supp v ®u) Nsupp K =0
which proves that {J# u,v) =0, hence # u=01n V.

Example 5.2.5. If f:X, - X, is a continuous map and Hp=¢of,
$eCP(X ,), then the kernel is given by

(K, @)=[D(x, f(x))dx, PeCF(X,xX,),

so the support is in the graph of ﬁ\
The operator (5.2.6) has a natural extension to all ¢eé” if the

coefficients a,e C*®. General sufficient smoothness conditions for the
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existence of such extensions will be given in Chapter VIII, but we give
an elementary example now:

Theorem 5.2.6. If KeC™(X, x X,) then the map A defined by (5.2.1)
has a continuous extension from &'(X,) to C*(X,),

(5.2.8) A u(x)=u(K(xy,.)), ued'(X,), x,€X,.

Conversely, every continuous linear map A~ from &' (X ,) to C*(X)) is
defined in this way by a kernel Ke C®(X, x X ).

Proof. If KeC* it follows from Theorem 2.1.3 that (5.2.8) defines a
map &'(X,)— C*(X ), and the continuity is a consequence of Theo-
rem 2.1.8. Conversely, if we are given a continuous map X :
&' (X,)— C™¥(X,) then

K(i,x)=A6,,, x,eX,,

is a continuous function of x, with values in C®(X,). Taking differ-
ence quotients we find that K is continuously differentiable in x.,

<y, ax2> K('a xz): _%<ya a> 5x2

Repeating the argument gives Ke C*(X, x X,). We obtain (5.2.8) since
this is true for finite linear combinations of Dirac measures and they

are dense in &

Notes

The tensor product was defined in Schwartz [1], and the kernel
theorem was announced shortly afterwards in Schwartz [2]. In both
cases the main point is the decomposition of test functions in X, x X,

into sums of tensor products of test functions in X, and in X,. Thus
the topological tensor product of CP(X,) and C°°( ,) 18 1nvolved
and Schwartz [4] gave a proof emphasizing this aspect. Ehrenpreis
[4] published a more elementary proof where the decomposition was
made by Fourier series expansion (see also Gask [1]). Here we have
used instead the fact that a regularization of any test function in X 4
x X, by a product of two test functions in the corresponding spaces
IR and R™ can be considered as a superposition of tensor products
of test functions in X, and in X,. (To be able to use this argument we
had to define convolution before the tensor product.)

There 1s an interesting addendum to Theorem 5.2.3 due to Peetre
[2]: If " is any linear map C¥(X)— C*(X) with supp # ucsuppu,
ueCg'(X), then A is a differential operator with C*® coefficients, that
is, (5.2.6) 1s valid with a,e C*. Note that no continuity is assumed; it
follows from the restriction on the supports.



Theorem 6.1.2. Let X ,cR"™, j=1,2, be open sets, and f. X, > X, a C*
map such that f'(x) is surjective for every xeX,. Then there is a unique
continuous linear map f*: Z(X,) —» 2'(X)) such that f*u=ucf when
ueC(X,). It maps Z'*(X ,) into 9'*(X,) for every k. One calls f*u the
pullback of u by f.

Proof. As already observed, the uniqueness follows from Theorem
4.1.5. To prove the existence we choose for any fixed x,eX; a C* map
g: X, > R™"~™, for example a linear map, such that the direct sum

g,
Xl 35X — (f(X), g(x))E]Rnl =]Rn2 @}R"U*‘HZ

has a bijective differential at x,. By the inverse function theorem there
is an open neighborhood Y, =X, of x, such that the restriction of
f@g to Y, is a difffomorphism on an open neighborhood Y, of
(f(xo), g(x,)). We denote the inverse by h. If ueC°(X,) and ¢eC¥(Y;)
then a change of variables gives

[(F*u)ddx=[u(f(x)p(x)dx=[u(y)¢(h(y) |det k'(y)ldy
where we have written y=(y', y”")elR" @ IR™ "> Hence
(6.1.1) ([*u)(@)=u@1)(D), P()=¢(h(y)|det k'Yl

Here 1 is the function 1 in R™~"2 If ueZ’(X,) and we choose
u;,eCy(X,) so that u; —»u in Z'(X,), it follows in view of the remark
after Theorem 2.2.4 that f*u; converges in %'(X) to a distribution
f*u defined by (6.1.1) in Y. Thus (6.1.1) gives a local -definition of
f*u, and the continuity of the map u — f*u follows at once from
(6.1.1). The theorem is proved.

Remark. The proof shows that if feC**! only, then f* is well defined
and continuous in @'* In fact, ¢ —» P is continuous from C¥ to CE.
(We need an extra derivative for f since det b’ involves one derivative

of f)

Since we have defined f*u by continuous extension from the case
of functions u, it is clear that the usual rules of computation remain

valid: :
(612) 0,f*u=) 0,f,f*0u, ueP'(X,) (the chain rule),
(6.13) [fHaw=(/*a)(f*u); acC>(X,), ueZ'(X,).

Here f is assumed to satisfy the hypotheses of Theorem 6.1.2. If in
addition we have a C*® map g: X, — X; with surjective differential,

then
(6.1.4) (ge/)*u=f*g*u, ued'(X,),

In practice it is often convenient to use the notation u(f), uef or
even u(f(x)) instead of f*u sinc@ (6.1.2)-(6.1.4) look more familiar
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then. However, one must always keep in mind then that one is
referring to an extension of the pointwise definition given by (6.1.1).

Example 6.1.3. If f is a diffefomorphism X, — X, between open sets in
R* then f*4§ =|det f'(x)|"'J, where f(x)=y. This follows from (6.1.1)
with h=f—1.

Example 6.1.4. If M, x=tx, xeR", t>0, then
(M u)() = u( (. /1)/e").

Thus (3.2.18) with ¢ replaced by 1/t means that
MFu=1t"u in R"\0,

which is just the usual definition of homogeneity of degree a.

Theorem 6.1.5. If p is a real valued function in C*(X), X cIR", and if
]p’[:(ZI@p/@lez)%:I:O when p=0, then p*,=dS/|p'| where dS is the
Euclidean surface measure on the surface {x; p(x)=0}.

Proof. Let p(x,)=0 and assume for example that dp(x,)/éx, 0. Then
we can apply (6.1.1) in a neighborhood with
h— l(x):(p(x)> x2= rny xn)'

Then h(0, y,, ..., y) =W (Vs -ss ¥,)s Y2, ..., ),) lies on the surface p=0,
and we have for ¢eCF(Y) if Y is a small neighborhood of x,

(p*80, > =[ ($/18,0)h(0, y5, ..., y,) Ay, ... dy,.
Since p(¥, ¥, ..., ¥,)=0 we have for j=2,...,n

dyp Y /dy;+0;p =0.
Hence .

pI=lo,plM, M= (14 0u/oy?)

Since dS=Mdy, ... dy, with the parameters y, ... y,, this proves the
theorem.

From (6.1.2) it follows that if H is the Heaviside function then
0;p* H=(0;p) p*6,=(0;p)/|p'ldS,

which means that we have given another proof of the Gauss-Green
formula (3.1.5). One calls p*4d, a simple layer on the surface p=0, and
its derivatives are called multiple layers. They are essentially the pull-
backs by p of the derivatives of §,. In fact, let



2'(X) is obviously a vector space with the natural definition of
addition and multiplication by complex numbers,

(ayuy +a,u,)(P)=a,u (@) +a,u,(d);
peCPX), u,e?'(X), a;eC.

We shall always use the weak topology in 2'(X) (also called the weak*
topology), that is, the topology defined by the semi-norms

2'(X)zu— |u(),
where ¢ is any fixed element of CF(X). Thus u;, —u means that

u(p) = u(¢9)

for every ¢eCy(X). Occasionally we shall need the following com-
pleteness property:

Theorem 2.1.8. If u; is a sequence in 9'(X) and
(2.1.7) “‘..y(qﬁ): limu,(¢)

J— oo
exists for every ¢peC¥(X), then ueP'(X). Thus u;—u in 9'(X) as
J— 0. Moreover, (2.1.2) is valid for all u; with constants C and k

independent of j, and u,(¢ ;) — u() if ¢;—~¢ m CHX)

Proof. When K is a compact subset of X the space CP(K) is a Fréchet
space with the topology defined by the semi-norms

I¢1l,=supld“gl, peCF(K).

(The completeness is a consequence of Theorem 1.1.5.) (2.1.2) is valid
for u; (with constants C and k which may a priori depend on j), so u;
restrlcted to C3(K) is a continuous linear form on C¥(K). For f1xed
¢eCy(K) it follows from (2.1.7) that the sequence u; ;(¢) i1s bounded.
Hence the principle of uniform boundedness (the Banach Steinhaus
theorem) shows that (2.1.2) is valid for all u; with constants C and k
mdependent of j. When j -0 we obtain (212) for the limit w. If
¢;—~ ¢ in CF(X) we have supp ¢; =K for some compact subset K of
X and all j. Hence u;(¢;—¢) ——+0 by the uniformity of (2.1.2), which
proves that u,(¢;) — u(q’))

By Cauchy’s convergence principle for € the existence of the limit
(2.1.7) means precisely that u,(¢)—u,(¢) » 0 when j, k —oo. Hence an
equivalent statement of Theorem 2.1.8 is that every sequence u; in
Z'(X) such that u;—u, —0 when j, k>o0 must have a limit u in
2'(X).



