LUNDS TEKNISKA HOGSKOLA 2007
MATEMATIK

Formelsamling i Kontinuerliga system.
(Formelsamligen utgor bara ett stod for minnet. Beteckningar forklaras
salunda ej. Ej heller anges forutsittningar for formlernas giltighet).

Fysikaliska modeller

Kontinuitetsekvationen

Jq .
! ci=k
5 +V.g
Diffusion
jJ=—-DVu
u _ DAu =k
ot 5
(Allménnare: 8_1: — V- (DVu) = k).
Viarmeledning

J=-—-AVu, dgq=pcdu
du

E—aAu:%k dar a:%

(Allménnare: pc% — V- (AVu) = k).

Elektrostatisk potential

Au = _r
€€p

Sviangande string och membran

Pu f
9Y _2au=L air 2=2
5 ¢ Au p ar ¢ p
2
(Allménnare: p% — V- (SVu) = f).

Longitudinella svingningar

0? 02 0
Y _ 228 _ 1 gar 0223, S =at
ot? ox?  p o1 ox
Svéngningar i gaser (ljud)
u=2"1 (tryckstorning)
Po
0*u 2 _ o

— —cAu=0 di
gz ¢ Au ir ¢ .



For svingningar i gaser (ljud) géller efter linearisering att

10p ov
£ — =0
v Ot T Ox
o0v Po 8p
— =0
Yo ot + £o 825
p =
dérﬁ:p_po och v = 1
Po Vo
Vektoranalys
Gauss formel / V- -udV = 7{ u-dS
Q a0
Stokes formel /V X u-dS = % u-dr
s as
01}
Greens formel | Vu-VodV = dsS — uAU dVv
Q an

Greens formel I1 /(uAv —vAu)dV = 7{ u@ - v% as

Laplaceoperatorn i cylindriska koordinater:

A = lg g_|_i8_2_‘_8_2_
o Or Or  r2062 922

o 19 18 &
or2  ror 12002 022

Laplaceoperatorn i sfiariska koordinater:

19> 1 10,0 1

A= r8r2r+r_2A:r20r E_I_r_?A:
02 290 1
= a2 tra Tt
1 0 0 1 0?
A = —sinf— 4+ ————
5000080 T snTe 002
2
A = 4 g L 9 om S =-cosf

— (1 —-)— 4+ —— —
08( 8)85+1—820¢2
(0 polardistans, 0 < 6 < m; ¢ longitud, 0 < ¢ < 2m).



Ortogonalutvecklingar
(u | )y = / W@z (z) do
Om (p; | or) =0, j #k, s&

u = Z cx ()P

_ (or | u)
Ck(U) B Pk

Parseval:

(wlv) =3 (e Twen | v) = 3 pecn(w)

Pk

Sturm-Liouville

Speciella funktioner

Gammafunktionen och Betafunktionen
I'(z) = / t*~le tat, (z+1) =z2I'(2), n+1)=
0

I'(p)I'(q)
B — MR\
(p: ) Tt
Error function

erf(x / v dy
\/7
/ e_yZdy — ﬁ
0 2

Besselfunktioner .
eirsine — Zjn(,r,)einG
1 " i(z sin@—nb)
Ju(2) = — e df, n heltal
2m

2\ — 1 2\ F
e = (3) Zm<—z) S rE bR

Bessels differentialekvation

1 2
u + =u + ()\—V—2>u:0
T T
har den allménna I6sningen
aJ,(VAr) + bY,(vVAr) om A >0

ar” + br= om A=0,v#0
a+blnr om A=v=0.



Normuttryck

’

R

Jl/ (Lal/k’

2

)‘27'(17’: R—

2

(Ju-i-l(al/k’))?

Nollstéllen till Besselfunktioner J,(x)
Jn(ank) =0

2

2

— )

1

2

3

4

Y

6

10

2.405

3.832

5.136

6.380

7.588

8.772

9.936

11.086

12.225

13.354

14.476

5.520

7.016

8.417

9.761

11.065

12.339

13.589

14.821

16.038

17.241

18.433

8.654

10.173

11.620

13.015

14.373

15.700

17.004

18.288

19.554

20.807

22.047

11.792

13.324

14.796

16.223

17.616

18.980

20.321

21.642

22.945

24.234

25.509

14.931

16.471

17.960

19.409

20.827

22.218

23.586

24.935

26.267

27.584

28.887

18.071

19.616

21.117

22.583

24.019

25.430

26.820

28.191

29.546

30.885

32.212

21.212

22.760

24.270

25.748

27.199

28.627

30.034

31.423

32.796

34.154

35.500

24.352

25.904

27.420

28.908

30.371

31.812

33.233

34.637

36.026

37.400

38.762

27.494

29.047

30.569

32.065

33.537

34.980

36.422

37.839

39.240

40.628

42.004

— oy
S

30.635

32.190

33.716

35.219

36.699

38.160

39.603

41.031

42.444

43.844

45.232

Nollstillen till J'(z), z < 25

Jn(an) =0
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S
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0.000

1.841

3.054

4.201

5.318

6.416

7.501

8.578

9.647

10.711

11.771

3.832

5.331

6.706

8.015

9.282

10.520

11.735

12.932

14.116

15.287

16.448

7.016

8.536

9.970

11.346

12.682

13.987

15.262

16.529

17.774

19.005

20.223

10.173

11.706

13.170

14.586

15.964

17.313

18.637

19.942

21.229

22.501

23.761

13.324

14.864

16.348

17.789

19.196

20.576

21.932

23.268

24.587

16.471

18.016

19.513

20.972

22.401

23.803

19.616

21.164

22.672

24.147

22.760

24.311
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25.904




Sfariska Besselfunktioner

Differentialekvationen

u"+2u'—|—()\—£(€7—gl))u:0

z z

har den allmédnna l6sningen

ajo(VAz) + bye(vAz) om A >0

1
az’ + bz~t1 om A=0, (# -5
a+blnz 1

NG om )\:O,fz—§.

D) =\ Tl D) = [T Yianl@).

( ) sin 2 ( ) sin 2 — 2z CoS 2
Jol\%) = N\z)=—————F"
z 22

CoS z cos z + zsin z

Speciellt ar

Legendrefunktioner
Legendrepolynom (P;)&° ar ortogonala i Lo([), [ = (—1,1).

Legendres differentialekvation

d du
1—22)— )|+ +1Du= =0,1,2,..
dx <( v )dx) fe+u=0, £=012

har allménna I6sningen

CLPg(SL’) + ng(LL’)
dér Qg ej ar begrinsad i (—1,1) och

Py(z) = —.Df(g:2 —1)

Rekursionsformel for Legendrepolynom:

Po(zr) =1, Plz)==, P€+1($):T93PZ(IL")—

Associerade Legrendreekvationen

d du m?
— (1 -2)—) - Du =
T (( x )d:r) 1_I2u+€(€+ Ju=20

har allménna I6sningen

aPj"(x) + Q7" (z)
dir Q)" ej ar begriansad och

Pt = (1 —22)™2D™Py(x)



Greenfunktioner

Fundamentallgsningar till Laplaceoperatorn (—AK = §)

1
K(w) = —§1n|:13| 1 R2
K(z) = — R?
xT) = i
A7 ||
Poissonkarnor
1 1—r2
P(r.0) = — hetscirkel
(r,0) 1172 —2rcosd (enhetscirkeln)
Pla,y) = LY (halvplanet  y > 0)
1Y) = ——— alvplanet
W= m p y

Greenfunktion for Dirichlets problem

—ALG(x;a) = o), TEN

Gx;a) = 0, x € 0N
Om —Au= fiQ, u=gpadfsa

um>=[}XaaV@wma— 9C (4 a)g(er) dSa

o0 ana

Konjugerade punkter med avseende pa cirkeln (sfiren) |x| = p

af|a] = p?
w—of =z —a da j21=,
p
Viérmeledning
( 1 5
G(z,t) = ———e 7 /10t
(=) VAamrat
oG 0*G
— —a—=—— =0 R, t>0
ot “or e
| G(z,0) =0(z), z€R
Vagutbredning
d’Alembert

u(z,t) = %(g(x —ct)+g(x+ct)) + % /::J:t h(y) dy
9(x) = u(x,0), h(z) = w(z,0)

Karakteristikor
{ 11Uy + 2019Uzy + 20Uy + F (2, y, U, ug, uy) =0

a1 dy? — 2a19dxdy + asedz® = 0



Fouriertransformer

Parsevals formel:

/ e

(1) Af(E) + pg(t) M (W) + pg(w)
1 ~/w
@ fa) il ()
(3) f(t—to) e~ f(w)
(4) et f(t) flw = wp)
(5) f(#) iwf(w)
© ) i f(w)
(7) fxg(t) fw)g(w)
(8) 4(t) 1
(9) 1 21 (w)
(10) e '0(t) : jw
e 2
(11) e 1' T2
(12) T e me~ vl
(13) et N
(14)  0(t+1) -0t —1) 2512“’
(15  0@) %P% + (W)
1, t>0
b8) = {0 L <0



Laplacetransformer

Lf(s) = Enf(s):/_me_“f(t)dt, a<Res<f, s=0+iw

1 o-+1i00
f(t) = e”F(s)ds, a <o <f3

2mi

T—100

ff(w) = E[[f(iw)

'Cl.f = 'Cll(ef)
Lu
(16)  Af(t) + ng(t) AF(s) + pG(s)
1 S

a7 flat) W ()
(18)  f(t—to) e " F(s)
(19)  e"f(t) F(s —a)
(20)  f(¥) sE(s)
1) 1) ~LR(s)
(22)  f=g(t) F(s)G(s)
(23)  6@)f(2) sL(0f)(s) — f(0)
(24)  8(0) 1
(25)  o(t) o0
(26)  6(1) -1 L o<0
(27)  tFe®O(t) r _k;)kﬂ, o > Rea
(28)  sin(bt)6(t) = j)_ 2 0> 0
(29)  cos(bt)0(t) a2 >0
(30) et Tes /4
(31)  t*71h(t) %, Rea >0, Res >0

|a| e—a2/4t b
(32) EW@(:&) elalvs
(33) L —a2/4t9(t) e lelvs

Vit Vs




