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The exam onsists of six problems whi h will be awarded with a maximum of one point
ea h. For a passing grade (3), at least 3 problems have to be solved orre tly. Credit
an be given for partially solved problems. Write your solutions neatly and explain your
al ulations.
You may use any books, but it is not permitted to get help from other persons. You
are en ouraged to use Matlab, ex ept in problems 2 and 4, whi h have to be solved by
hand. You need to write your own ode, with the ex eptions of les that were used in
this ourse.
The exam an be pi ked up between 7/3 and 11/3 at the Student o e. The exam
should be handed in to the Student o e in the Mathemati s Department, LTH at the
latest exa tly 7 days after olle ting the exam. Write your name, se tion-year (or subje t
for PhD-students), id-number and email address on the rst page, and write your name
on ea h of the following pages. Please also send an email to me (saramaths.lth.se) with
the Matlab ode as atta hments before the deadline. I will onta t you about the oral
part of the exam when the written exam papers have been marked.
1.

Solve the following linear programming problem
maximize z = 2x1 + x2 + 3x3 + 4x4
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using the two phase method. Present all the tableaus whi h are obtained in the pro ess,
and explain how you hoose your in oming and outgoing variables. It is re ommended
that you use the fun tion he kbasi 1.m that you made in handin 1. Are there any
feasible solutions of this problem? If there is an optimal solution, nd it and present it
together with the optimal value.
2.

Suppose that A ∈ Rn×n is a matrix with the property AT = −A, that c ∈ Rn , and that
the following linear programming problem has a feasible solution:
maximize z = cT x
subje t to

(

Ax ≤ −c,
x ≥ 0.

Prove that the problem has an optimal solution. What is the optimal obje tive fun tion
value of this problem?

3.

Maximize z = x1 + 2x2 + x3 + x4 , subje t to


2x1 + x2 + 3x3 + x4
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3x1 + x2 + 2x3
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j = 1, 2, 3, 4,

using the bran h and bound method with the bounds oming from linear programming
problems, as was done in Le ture 6 for a dierent example. Present the initial and
nal tableau for ea h LP problem solved, and des ribe how the bran hes of the tree are
onstru ted. Finally, present the optimal solution together with the optimal value if they
exist.
This problem should be solved by hand, and not with Matlab. Consider the ow network
below with sour e S = 1 and sink T = 6, with edge apa ities indi ated near ea h edge.
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a) Find a maximum ow in this network. Explain how you ame up with this solution.
This should be done in a systemati way.
b) Find a minimum ut in this network, i.e. write down two sets of verti es ea h
belonging to the two nonempty disjoint sets of verti es that dene the minimum
ut.

5.

Sudoku is a logi -based, ombinatorial number-pla ement puzzle. The obje tive is to ll
a 9×9 grid with digits so that ea h olumn, ea h row, and ea h of the nine 3×3 sub-grids
that ompose the grid ontains all of the digits from 1 to 9. The puzzle setter provides
a partially ompleted grid, whi h for a well-posed puzzle has a unique solution.
Instead of solving the full Sudoku puzzle, the task of this exer ise will be to write a
program in matlab whi h solves a smaller version of Sudoku, using a 4 × 4 grid. The
4 × 4 grid should be lled with numbers from 1 to 4 in su h a way that ea h olumn,
ea h row, and ea h of the four 2 × 2 subgrids that ompose the grid ontains all of the
digits from 1 to 4. After doing this su essfully, it will be easy to extend the algorithm
to solve 9 × 9 Sudoku puzzles as well, but this will not be part of the exer ise.
a) We start by de iding what the variables of the problem should be. For ea h small
square ( ontaining one digit), we are going to use four variables whi h an ea h take
the values 0 or 1. This will give a total of 4 × 16 = 64 binary variables. All of the
variables should be put in a olumn ve tor x, taking the variables orresponding to
small squares in order row-wise from left to right and top to bottom. Let x1 , . . . , x4
be the variables whi h orrespond for the top left small square. The possible values
for the variables (x1 , x2 , x3 , x4 ) are (1, 0, 0, 0) ( orresponding to the number 1),
(0, 1, 0, 0) ( orresponding to the number 2), (0, 0, 1, 0) ( orresponding to the number
3 and (0, 0, 0, 1) ( orresponding to the number 4). Note that the variable xj = 1
if and only if the number in the rst small square is j , and that xk = 0 for
k ∈ {1, . . . , 4} \ {j}. Note that exa tly one of the variables x1 , . . . , x4 will take
the value 1, and so the oding of the variables for the rst small square gives the
onstraints x1 + x2 + x3 + x4 = 1, xj ∈ {0, 1} for j = 1, . . . , 4. Write down similar
onstraints for all the variables x1 , . . . , x64 . Write them on the form A1 x = b1 ,
where A1 is a matrix of size 16 × 64 and b1 is a olumn ve tor of length 16. Spe ify
A1 and b1 . Don't forget to state the integer onstraints.
b) Ea h row in the grid should ontain all the numbers from 1 to 4, and ea h number
between 1 and 4 should appear exa tly on e in ea h row. Write down linear equality
onstraints for the variables x1 , . . . , x64 whi h are ne essary and su ient for this
to happen. Write them on the form A2 x = b2 , where A2 is a matrix of size 16 × 64
and b2 is a olumn ve tor of length 16. Spe ify A2 and b2 .
) Ea h olumn in the grid should ontain all the numbers from 1 to 4, and ea h
number between 1 and 4 should appear exa tly on e in ea h olumn. Write down
linear equality onstraints for the variables x1 , . . . , x64 whi h are ne essary and
su ient for this to happen. Write them on the form A3x = b3 , where A3 is a
matrix of size 16 × 64 and b3 is a olumn ve tor of length 16. Spe ify A3 and b3 .
d) Ea h of the four sub-grids should ontain all the numbers from 1 to 4, and ea h
number between 1 and 4 should appear exa tly on e in ea h sub-grid. Write down
linear equality onstraints for the variables x1 , . . . , x64 whi h are ne essary and
su ient for this to happen. Write them on the form A4x = b4 , where A4 is a
matrix of size 16 × 64 and b4 is a olumn ve tor of length 16. Spe ify A4 and b4 .

e) Ea h sudoku puzzle omes with a few lues in the sense that the grid is partially ompleted. This will give rise to additional onstraints (one extra onstraint
for ea h number lue). Write down the onstraints arising from the lues for the
following puzzle:
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Write them on the form A5x = b5 , where A5 is a matrix of size 4 × 64 and b5 is
a olumn ve tor of length 4. Spe ify A5 and b5 .
f) The obje tive of the puzzle is to nd a feasible solution. For sudoku puzzles, ea h
puzzle should be onstru ted so that there exists a unique feasible solution. We
would like to solve the problem as an optimization problem, and so we an hoose
any linear fun tion as our obje tive fun tion. Pi k an obje tive fun tion of your
hoi e, and prove by refering to a suitable theorem, that the integer linear programming problem, is equivalent to a linear programming problem. State this linear programming problem using the matri es and ve tors that were dened above.
Then rewrite the problem so that it is on standard form.
g) Sin e the feasible set is very small (it ontains only one point), it may not be so
easy to nd a basi feasible solution dire tly. It will be mu h easier to nd a feasible
solution of the dual problem. Write down the dual of the problem that you stated
in subproblem f), for example using the table on p. 160 in the book by Kolman
and Be k. Be areful to take all the onstraints of the primal problem into a ount.
Then rewrite the dual problem on anoni al form. If the obje tive fun tion in f)
was hosen in a good way, it will be easy to nd a basi feasible solution of the dual
problem. You may have to hange the obje tive fun tion if this is not the ase.
h) Solve the sudoku puzzle using the simplex method, preferably using the fun tion
simp from lab 1. Test the method on some other instan es of puzzles that you
ome up with yourself. Note that the matri es A1, . . . A4 will be the same for all
puzzles. Only A5 will hange.

6.

i) How many variables would there be in a full Sudoku puzzle with a 9 × 9 grid solved
with this method?
Using a geneti algorithm, ome up with a solution to the knapsa k problem. As we
have seen, the problem is that we have a knapsa k of apa ity C , whi h represents a
maximal total weight or size. Furthermore, there is a set of obje ts that an be put in
the knapsa k. Ea h obje t has a size and a value, whi h both are positive integers. To
solve the problem, we need to de ide whi h obje ts to put in the knapsa k in a way so
that the total size of the obje ts is less than or equal to the apa ity C , and so that
the value of the obje ts in the knapsa k is maximized. Test your algorithm on knapsa k
problems of dierent sizes, and dis uss what happens.

